exp{|f (e iθ )| 2 }dθ is bounded on the unit ball B of the space D of analytic functions in the unit disk with f (0) = 0 and Dirichlet integral not exceeding one. Andreev and Matheson conjectured that the identity function f (z) = z is a global maximum on B for the functional Λ. We prove that Λ attains its maximum at f (z) = z over a subset of B determined by kernel functions, which provides a positive answer to a conjecture of Cima and Matheson.
Introduction
Let D be the Dirichlet space of functions f analytic on the unit disk D, with f (0) = 0 and a finite Dirichlet integral Chang and Marshall [3] proved that if Φ α (t) = e , for a ∈ D \ {0}, where the branch of the logarithm is chosen so that B a (a) is real. The denominator assures that B a D = 1. Up to a normalizing factor, the B a are the kernel functions for D. We shall denote by B 0 the set of all Beurling functions and by B 0 its closed convex hull.
A shorter proof of this fact has since been found by Marshall [9] . A significantly more general and stronger inequality has been found by Essén [7] . Andreev and Matheson [1] showed that the identity function f (z) = z is a local maximum for Λ Φ1 on B and conjectured that it is also a global maximum. Cima and Matheson [4] showed that the identity function is a local maximum on the set B 0 and that the functional Λ Φ1 attains its maximum on B 0 . On the other hand, they showed that Λ Φ1 , when restricted to B, is not weakly continuous at 0, and thus it is an open question whether there exists a global maximum for Λ Φ1 on B. Matheson and Pruss [10] studied the regularity of the extremal functions. We refer the reader to their paper for an excellent discussion of this and other related problems and for a list of open problems.
Our principle result is:
holds true for all f ∈ B 0 .
Our result proves Conjecture 1 of Cima and Matheson in [4] .
Proof of Theorem 1.1
It is natural to set B 0 (z) = z (see [4] ). A function Φ(x) continuous on −∞ < x < ∞ is said to be convex if Φ((x + y)/2) ≤ [Φ(x) + Φ(y)]/2, and strictly convex if strict inequality holds whenever x = y. Theorem 1.1 is a consequence of the following result. 
Here for each r ∈ (r 1 , r 2 ) and 
0 < r < 1, for each ρ > 0 and all a and a 0 such that 0 ≤ |a 0 | < |a| < 1. Notice that
whenever |a | = |a |. Hence we may assume from now on that 0 ≤ a 0 < a < 0. We can apply Jensen's theorem to obtain 
, and let u a0 (ζ) = 0 elsewhere. In view of (2.6) the inequality (2.3) can be recast in the form
2, this is implied by the inequality 
where u 1a0 is harmonic and u 1a0 (0) = 0. Thus
It is easy to see that a 0 A/(aA 0 ) > 1 for a 0 < a and hence that −2π log 
, it is easy to see that
. We want to show that d a is a decreasing function of a for 0 < a < 1. It is clear that d a → 1 as a → 0. Let
An easy computation shows that f " 1 (a) > 0 for 0 < a < 1. Thus f 1 is an increasing function of a, and it follows that f 1 (a) > 0 for 0 < a < 1 since f 1 (0) = 0. Therefore f 1 is an increasing function of a for 0 < a < 1 and f 1 (a) > 0 since f 1 (0) = 0. Finally, this implies that f (a) < 0 for 0 < a < 1, and thus f is a decreasing function of a. Therefore d a0 > d a for all a, a 0 < a < 1 .
In the disk |ζ| < d a , u a (ζ) has the form (2.8), where u 1a is harmonic in |ζ| < d a and u 1a (0) = 0. Thus
(d) To establish the inequality on −∞ < ζ < −d a , we fix > 0 and consider the function
iφ , which is subharmonic in A = {ζ : ρ 0 < |ζ|, 0 < ζ} and continuous in the closure of A. Let M be the maximum of Q(ζ) in A. Then M ≥ 0 and, according to the maximum principle for subharmonic functions, the maximum is attained somewhere on the boundary of A. 
Applying the same argument to u * a0 we obtain ∂u * a0
where λ is the distribution function of u a0 , λ(t) = |{φ : u a0 (ρ 0 e iφ ) > t}|, and
there is some point on the circle |ζ| = ρ 1 that lies outside D a0 , so
which contradicts the assumption that Q(ζ) has a relative maximum at ζ 1 . Hence
for ζ ∈ A. We are in a position now to prove that u * a (ζ) for all 0 ≤ a 0 < a < 0 and 0 < r < 1. The proof of strict inequality in (2.9) is identical to the proof of strict inequality in Theorem 1 in [2, pp. 157-158] and will be omitted. This completes the proof of Theorem 2.1.
